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Elliptic curves
Fix a ﬁnite ﬁeld k, a positive integer d relatively prime to the
characteristic of k, and an element a of k. In this article we study
the elliptic curve E with equation x(x−1)(y−a) = td y(y−1)(x−a)
over k(t). We ﬁnd a formula for the L-function of E for d = q + 1,
and we show that for all d the rank of E over k(t) is bounded
below by d. This is notable because previous studies of similar
curves have found large ranks only for much more restricted d.
Further, we provide an explicit lower bound on the rank of E over
k(t) which shows that the rank of E is unbounded as d varies even
over k(t).
© 2011 Elsevier Inc. All rights reserved.
1. Introduction
Let q be a power of a prime p such that p  5, let a be an element of k := Fq different from 0,
1, or 1/2, and let d be a positive integer relatively prime to q. Let Ed be the elliptic curve over Fq(t)
deﬁned by the cubic equation:
x(x− 1)(y − a) = td y(y − 1)(x− a), (1)
with the distinguished point (x, y) = (0,0). Following the algorithm in [5], one ﬁnds the following
Weierstrass model for Ed:
Y 2 + (1− td)XY + a2(td − t2d)Y = X3 + (a2 + 2a)td X2 + (2a3 + a2)t2d X + a4t3d. (2)
The change of coordinates is given by:
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Y = a3(a − 1)2td(x− 1)/(x(y − a)2)+ a2t2d(a − 1)2/(y − a) − a3td(1− td)− a(1− td)X .
Let Cd be the smooth proper curve over Fq given aﬃnely by the equation:
zd = x(x− 1)
x− a . (3)
Our goal is to prove the following theorem:
Theorem 1. Suppose d divides q − 1. Let Z(Cd/Fq2 , T ) denote the numerator of the zeta function of Cd over
the ﬁeld Fq2 . Then we have the following formula for the L-function of Ed/Fq(t):
L
(
Ed/Fq(t), T
)= (1− qT )d · Z(Cd/Fq2 , T ). (4)
This expression of the L-function will allow us to compute the ranks of the curves Ed in some
instances, giving us the following theorem.
Theorem 2. The conclusion of the conjecture of Birch and Swinnerton-Dyer is true for the curves Ed. Thus,
the rank of Ed over Fq(t) is equal to the order of the zero of L(Ed/Fq(t), T ) at T = 1/q. Further, we have the
following:
(1) If d divides q − 1, then the rank of Ed over Fq(t) is at least d.
(2) Suppose that d is a positive integer relatively prime to q. We have the following formula for the rank of
Ed/Fq(t):
rk
(
Ed/Fq(t)
)= d + 2Nss
where Nss denotes the number of supersingular elliptic curves in the factorization of the Jacobian of Cd
over Fq. Note, in particular, that this implies that the rank of Ed over Fq(t) is at least d for all d relatively
prime to q.
(3) If d is relatively prime to q the rank of Ed over Fq(t) is at least
∑
e|d
φ(e)
o(e,q) , where o(e,q) denotes the order
of q in the group (Z/eZ)× .
Similar observations about large ranks in towers have appeared often in the works of Ulmer [8]
and others [2,6]. However, these previous examples all include stronger restrictions on d. For example,
in [8] Ulmer proves that a wide class of elliptic curves E/Fq(t) attain large analytic ranks over the
extensions Fq(t1/d) of Fq(t), but only for d dividing qn + 1 for some n. In certain cases, Ulmer is able
to prove these curves have algebraic rank equal to their analytic rank.
Berger’s article [2] provides a general construction of towers of elliptic surfaces which are domi-
nated by a product of curves. Combining her construction with the previous work of Ulmer, Berger
gives a wide array of examples where the large analytic ranks found in [8] correspond to large alge-
braic ranks. The examples in the present work arise from Berger’s construction.
The observation that the family of curves here have large rank for all d relatively prime to the
characteristic of the ground ﬁeld, rather than for d which were related in a more restrictive way
to the characteristic of the ground ﬁeld as in previous works, was originally made in the author’s
dissertation [4]. In [4] the calculation of the ranks utilizes a rank formula found in [9]. The explicit
computation of the L-function presented here is new work.
The proof of the theorem has several parts. In Section 2 we will construct an elliptic surface Ed
over Fq whose generic ﬁber is isomorphic to Ed . The construction of Ed will show that it is birational
to a quotient of Cd × Cd . This will allow an explicit computation of the zeta function ζ(Ed, T ) of the
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function of Ed and the reduction types of the reducible ﬁbers of the morphism Ed → P1 (which are
computed in Section 2) to compute the L-function of Ed .
2. The construction of Ed
Fix q, a power of a prime p such that p  5. Let k = Fq . Also ﬁx a positive integer d relatively
prime to q, and an element a of k\{0,1}. Let us deﬁne the function f (x) = x(x−1)x−a . We deﬁne Cd to be
the Zariski closure of the solution set of the equation zd = f (x) in P1 × P1. Note that Cd is regular
and proper.
It follows from the work of Berger [2] that the curve Ed deﬁned over Fq(t) by
f (x)
f (y)
= td (5)
has genus one. Note that the equation used to deﬁne Ed in Section 1 is simply this equation with
denominators cleared. Let Eˆd denote the (possibly singular1) surface with Eq. (5) in P1 × P1 × P1.
Note that the generic ﬁber of the morphism Eˆd → P1 : (x, y, t) → t is Ed .
It is apparent from (5) that there is a dominant rational map π : Cd × Cd → Eˆd given by
((x, z), (x′, z′)) → (x, x′, t = z/z′). This morphism is undeﬁned precisely at the eight points where z
and z′ are either both 0 or both ∞.
The group μd acts on Cd × Cd by ζ(x, z, x′, z′) = (x, ζ z, x′, ζ z′). Further, we see that the rational
map π above factors through the quotient morphism Cd × Cd → (Cd × Cd)/μd , and that the induced
rational map (Cd × Cd)/μd → Eˆd is a birational mapping.2
As Cd × Cd is regular, the only singularities of (Cd × Cd)/μd occur at the ﬁxed points of the action
of μd , and these singularities are of Hirzebrunch–Jung type (see [1], p. 84). The ﬁxed points are the
16 points (x, z, z′, z′) where {z, z′} is a subset of {0,∞}.
By Proposition 5.3 of [1] the singularities introduced at the 8 ﬁxed points where z = z′ are of type
Ad,1 and the singularities at the other 8 ﬁxed points are of type Ad,d−1. From the preceding pages
of [1], it follows that at the 8 ﬁxed points where z = z′ only one blow-up is needed to resolve the
singularity and that at the other 8 ﬁxed points d − 1 blow-ups are required. We note, for later use,
that this means a total of 8d blow-ups are needed to resolve (Cd × Cd)/μd to a regular surface.
We denote the regular surface resulting from these blow-ups by Ed . We have a morphism Ed → P1
which is given away from the exceptional divisors of the blow-ups by (x, z, x′, z′) → z/z′ . It takes the
exceptional divisors of the points where z = ∞ and z′ = 0 to ∞ and the exceptional divisors of the
points where z = 0 and z′ = ∞ to 0. At the remaining ﬁxed points we have z = z′ and the morphism
extends naturally to the exceptional divisors. Together with this morphism Ed is an elliptic surface
whose generic ﬁber is Ed .
Using the Weierstrass model for Ed provided in the introduction, we can compute that the dis-
criminant of Ed is:
 = a4(a − 1)4t4d(td − 1)2(t2d − (16a2 − 16a+ 2)td + 1).
As we have shown that Ed is a regular model of Ed , we can use Tate’s algorithm to ﬁnd the
reduction types of the ﬁbers of the morphism Ed → P1. The details of Tate’s algorithm are outlined
in [7]. The conclusion of these computations is given in the following proposition.
1 It is easy to verify that Eˆd is singular if d > 1.
2 The mapping is birational because the morphism π is generically d to one, as is the quotient morphism Cd × Cd → Cd ×
Cd/μd .
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morphism Ed → P1 has d+ 2 reducible ﬁbers. The t = 0 and t = ∞ ﬁbers each have 4d components arranged
in an I4d conﬁguration, and for each ζ ∈ μd, the t = ζ ﬁber has 2 components arranged in an I2 conﬁguration.
Further, Ed has 2d irreducible singular ﬁbers, one at each root of t2d − (16a2 − 16a + 2)td + 1.
Remark. When a = 1/2, there are 2d + 2 reducible ﬁbers. The ﬁbers above remain reducible, and the
ﬁbers with t ∈ μ2d\μd also become reducible of type I2.
Remark. This computation shows that the degree of the conductor of Ed is 3d + 2, and hence the
L-function of Ed is a polynomial of degree 3d−2 by [10]. When a = 1/2, the degree of the L-function
drops to 2d − 2, which shows that the formula given in the theorem does not hold in this case.
3. The ζ -function of Ed
We wish to compute the ζ -function of Ed as a surface over Fq . For the remainder of the section,
we will ﬁx k = Fq and d dividing q − 1.
Let us recall that the ζ -function of a variety X/k is a rational function expressible in terms of the
action of the Frobenius endomorphism from k on the cohomology of X . For a variety X deﬁned over
k = Fq , we will denote this endomorphism by πk . We have chosen a d dividing q − 1 so that the
action of μd and πk on the curve Cd deﬁned in the preceding section commute.
For convenience, we will ﬁx a prime  not equal to the characteristic of k, and let Hi(X) denote
the ith étale cohomology group of X with coeﬃcients in Q .
The following theorem is taken from [3], adapted to our notation.
Theorem 3. Let X be a smooth projective variety of dimension n over a ﬁnite ﬁeld k. Then
ζ(X, T ) = P1(T )P3(T ) · · · P2n−1(T )
P0(T )P2(T ) · · · P2n(T ) ,
where Pi(X, T ) = det(1− πkT |Hi(X)).
The goal of this section will be to use this result to compute ζ(Ed, T ) in terms of Z(Cd, T ), the
numerator of ζ(Cd, T ).
Let us ﬁrst recall that Ed is birational to a quotient of the surface Cd × Cd by the action of the
group μd . By the Künneth formulas we have that:
Hk(Cd × Cd) =
⊕
i+ j=k
Hi(Cd) ⊗ H j(Cd).
Thus, the action of πk on H•(Cd × Cd) can be understood in terms of the action of πk on H•(Cd).
We now need to consider the cohomology of the quotient of Cd × Cd by the ﬁnite group μd . We will
compute this using the following lemmas.
Lemma 1. If X is a variety over k and μd acts on X, then Hi(X/μd) ∼= Hi(X)μd , where the latter is by
deﬁnition the elements of Hi(X) which are ﬁxed by the action of μd.
Proof. Theorem III.2.20 of Milne. 
Lemma 2. The group μd acts as the identity on H0(Cd) and H2(Cd). The action of a primitive dth root of unity
on the 2d−2 dimensional space H1(Cd) has eigenvalues equal to the non-identity dth roots of unity, each with
multiplicity 2.
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shows that the dimensions of the cohomology groups are as claimed.
Recall that in our notation H1(Cd) = H1(Cd,Q), and observe that the morphism π : Cd → P1 :
(x, z) → x is ﬁnite and hence H1(Cd) = H1(P1,π∗Q). The action of μd on Cd decomposes π∗Q
into one-dimensional sheaves indexed by the characters of μd . The factor corresponding to the trivial
character of μd is the trivial sheaf and hence does not contribute to H1(P1,π∗Q). The remaining
factors are tamely ramiﬁed at each pole of f , and hence their conductors have degree 2 (since f has
two poles). Thus by the Grothendieck–Ogg–Shafarevich formula, the dimension of each other factor in
the product is 2, giving the stated result. 
We use the lemma to compute the dimensions of the cohomology groups Hi(Cd × Cd/μd) to-
gether with their actions of πk . First, H0(Cd) is one-dimensional and μd invariant, so we see that
H0(Cd × Cd/μd) is one-dimensional, and that πk acts as 1 on it. In light of the above lemma, it is
clear that H1(Cd × Cd/μd) and H3(Cd × Cd/μd) are trivial. Further, we see that H4(Cd × Cd/μd) is
one-dimensional, and that πk acts as q2 on H4(Cd × Cd/μd).
The interesting space is H2(Cd × Cd/μd). The components H2(Cd) ⊗ H0(Cd) and H0(Cd) ⊗ H2(Cd)
of H2(Cd ×Cd) are quickly seen to be one-dimensional and μd invariant, with πk acting as q on each.
Our analysis of the action of πk on the μd invariant component of H1(Cd) ⊗ H1(Cd) will be more
involved.
Let us ﬁx a primitive dth root of unity ζ , and for i ∈ {1,2, . . . ,d − 1} let Vi denote the two-
dimensional eigenspace with eigenvalue ζ i of the linear operator ζ . We see that H1(Cd) =⊕ Vi . It is
clear that
(
H1(Cd) ⊗ H1(Cd)
)μd = (V1 ⊗ Vd−1) ⊕ (V2 ⊗ Vd−2) ⊕ · · · ⊕ (Vd−1 ⊗ V1). (6)
Hence we see that H2(Cd × Cd/μd) is 4(d − 1) + 2 = 4d − 2 dimensional.
Note that the actions of πk and μd on H1(Cd) commute, so that we may restrict the action of
πk on H1(Cd) to each subspace Vi . Let us denote the (possibly repeated) roots of the characteristic
polynomial of πk|Vi by αi and βi . We see, using the fact that πk acts semisimply on H1(Cd), that the
set of eigenvalues of πk on (H1(Cd) ⊗ H1(Cd))μd with multiplicities is
d−1⋃
i=1
{αiαd−i, βiβd−i,αiβd−i, βiαd−i}.
The following lemmas will simplify this signiﬁcantly.
Lemma 3. {αi, βi} = {αd−i, βd−i}.
Proof. Let τ denote the automorphism of the curve Cd which is deﬁned, in the coordinates given
above, by
τ : (x, z) →
(
a
x
, z−1
)
. (7)
Observe that, since a ∈ k and τ commutes with πk , we may restrict τ to Vα , the eigenspace of an
eigenvalue α of πk . One ﬁnds that τ and ζ anticommute with each other, i.e., that ζ ◦ τ = τ ◦ ζ−1.
Then we see that if v ∈ Vα ∩ Vi , then τ v ∈ Vα ∩ Vd−i . Thus, since τ is invertible (indeed it is its own
inverse), the claim follows. 
This lemma allows us to make the simpliﬁcation:
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i=1
{αiαd−i, βiβd−i,αiβd−i, βiαd−i} =
d−1⋃
i=1
{
α2i , β
2
i ,αiβi,αiβi
}
.
Lemma 4. αiβi = q.
Proof. Poincaré duality guarantees the existence of a non-degenerate bilinear pairing ∪ : H1(Cd) ×
H1(Cd) → H2(Cd). Let ζ be a primitive dth root of unity, and let vi be an element of Vi and v j be
an element of V j . Consider the value of the pairing vi ∪ v j . To avoid confusion, we let [ζ ] denote the
morphism that the action of ζ on Cd induces on H•(Cd). We see that [ζ ](vi ∪ v j) = (ζ i vi) ∪ (ζ j v j) =
ζ i+ j(vi ∪ v j). Since we know that [ζ ] acts as 1 on H2(Cd), this implies that vi ∪ v j = 0 unless d | i+ j.
Thus ∪ gives a non-degenerate pairing of Vi with Vd−i .
Combining this with τ , which gives an isomorphism of Vd−i with Vi , we deﬁne a non-degenerate
pairing of Vi with itself by:
φ : Vi × Vi → H2(Cd) : (v,w) → v ∪ τ (w).
Using the fact that τ is an involution, we note that
τ
(
φ(v,w)
)= τ (v) ∪ w = −φ(w, v).
Since τ is degree 1, it acts as 1 on H2(Cd), and hence we see that φ(v,w) = −φ(w, v), and hence φ
is alternating.
Let {v,w} be a basis of Vi consisting of an eigenvector v of eigenvalue αi and an eigenvector w
of eigenvalue βi . This is possible because the action of π on H1(Cd) is semisimple by Tate’s conjec-
ture, which is known for curves. We see that φ(v,w) is not zero because φ is non-degenerate and
alternating. Further, we see that π(φ(v,w)) = qφ(v,w) because the degree of π is q. Since π and τ
commute, we see that
π
(
φ(v,w)
)= φ(π(v),π(w))= αiβiφ(v,w).
Thus we have αiβi = q, as claimed. 
Together, these lemmas allow us to simplify the set {αiαd−i, βiβd−i,αiβd−i, βiαd−i} of eigenvalues
to the set {q,q,α2i , β2i }. Thus, we see after some grouping of terms, that the reverse characteristic
polynomial of πk acting on (H1(Cd) ⊗ H1(Cd))μd is (1 − qT )2d−2 · Z(Cd/Fq2 , T ). Combining this with
the known actions of πk on the other cohomology groups of Cd × Cd/μd , as well as on the remaining
components of H2(Cd), we deduce the following lemma.
Lemma 5.
ζ
(
(Cd × Cd/μd)/Fq, T
)= 1
(1− T )(1− qT )2d Z(Cd/Fq2 , T )(1− q2T )
.
We will be done after we apply the following lemma.
Lemma 6. If S is a surface, and S ′ is a surface obtained from S by a blow-up at a rational point of S, then
Hi(S) = Hi(S ′) for i = 2, and H2(S ′) = H2(S) × Q . Here πk acts as q on the Q component of the product.
Proof. [3], Proposition V.3.11. 
The previous two lemmas allow us to compute ζ(Ed, T ).
T. Occhipinti / Journal of Number Theory 132 (2012) 657–665 663Proposition 2. Provided that d | q − 1 and a = 1/2 we have
ζ(Ed/Fq, T ) = 1
(1− T )(1− qT )10d Z(Cd/Fq2 , T )(1− q2T )
.
Proof. From the previous lemma, we see that each of the 8d blow-ups introduces an additional factor
of (1 − qT ) in the characteristic polynomial of πk acting on H2. This calculation gives the desired
result. 
4. The L-function of Ed
The L-function of an elliptic curve E over a function ﬁeld k(C) is closely related to the ζ -function
of the associated elliptic surface E . There is an explicit formula, which may be given as:
L(E, T ) = ζ(C, T )ζ(C,qT )
ζ(E, T )
∏
v|
(1− T )av+1(1+ T )bv
(1− qv T deg(v)) f v−1(1+ qv T deg(v))gv ,
where  is the discriminant of E and the integers av ,bv , f v , and gv depend on the type of reduction
present at the place v . We will not reproduce all of the values here, and instead refer the reader
to [10] for a discussion of the result. Instead, we only note that in the case of split multiplicative
reduction of type In at v , f v = n and all of the other constants are equal to 0. One sees that, with our
hypothesis that d | q − 1, this is the only case we need below.
Applying the formula to the curve Ed and the surface Ed , given the work of the previous sections,
it follows immediately that:
L(Ed, T ) = (1− qT )d Z(Cd/Fq2 , T ),
completing the proof of Theorem 1. We have seen that Ed is dominated by the product of curves
Cd × Cd , and hence the conclusion of the theorem of Birch and Swinnerton-Dyer is true for Ed [2].
Thus we see that the rank of Ed is at least d, completing the proof of Theorem 2 Part (1).
Theorem 2 Part (2) follows from noting that factors of 1 − qT in Z(Cd/Fq2 ) correspond to super-
singular factors in the Jacobian of Cd over Fq2 . Thus, after an extension of Fq large enough to capture
all supersingular factors of the Jacobian of Cd over Fq we attain the equality stated in the theorem.
In order to prove Theorem 2 Part (3) we refer to the proof of Theorem 1. Consider the curve Ed ,
as deﬁned in the theorem.
Observe that if d | q−1, there is an action of μd on the Mordell–Weil group of Ed over Fq(t) given
by the map ζ : t → ζ t for each ζ ∈ μd . Note that this is a different μd action than we studied earlier.
This action makes MW(Ed,Fq(t)) into a μd module, whose structure we address in the following
lemma.
Lemma 7. If d | q− 1, then the module MW(Ed,Fq(t)) ⊗ Q over the group ring Q[μd] contains the regular
representation of μd as a submodule. Here MW(Ed,Fq(t)) denotes the Mordell–Weil group of Ed over Fq(t),
viewed as a μd-module.
Proof. Recall that there is an isomorphism from NS(Ed) ⊗ Q to the part of H2(Ed) where Frobenius
acts as q. Further, MW(Ed,Fq(t)) is the quotient of NS(Ed) by the trivial lattice, that is the subgroup
of NS(Ed) generated by the zero section, and by all the irreducible components of the ﬁbers of the
morphism Ed → P1. Our earlier analysis implies that the part of H2(Ed) where Frobenius acts as q
contains a sub μd-module isomorphic to (Qμd)2 × Q8d , and thus NS(Ed) ⊗ Q also contains such a
sub μd-module.
The trivial lattice of Ed contains the zero section, the divisor of an irreducible ﬁber, and the divisors
of each component of t = 0 and t = ∞ ﬁbers, which have type I4d . One component of each of the
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irreducible ﬁber. It is easy to check that all of these ﬁbers are ﬁxed by the action of μd , and account
for the Q8d term in the product above.
Further, if ζ is a dth root of unity in Fq , the t = ζ i ﬁber of the morphism Ed → P1 is of type I2.
An irreducible component of one of these ﬁbers and its translations by the action of μd show that
the trivial lattice has a regular representation of μd as a submodule.
Putting all of this together, we see that after modding out by the trivial lattice, we are left with a
regular representation of μd , proving the claim. 
Let s be such that d | qs − 1, and let V = MW(Ed,Fqs (t)) ⊗ Q . For e dividing d, we deﬁne Ve to
be the submodule of V consisting of the elements ﬁxed by the (d/e)th roots of unity in μd . Thus,
Vd = V . We further deﬁne V newe to be the quotient of Ve by the span of the submodules Ve′ of Ve
across all e′ properly dividing e. By construction we have that
V ∼=
∑
e|d
V newe .
By the lemma above, we see that dim(V newe )  φ(e). Note that, because q and d are relatively
prime, V newe is invariant under π for each e dividing d. We will be done once we have proven the
following lemma.
Lemma 8. The dimension of the subspace of V newe ﬁxed by π is at least
φ(e)
o(e,q) for each e dividing d.
Proof. Let r = o(e,q), and observe that Fq(μe) = Fqr . Let G be the Galois group of the extension
Fqr (t) of Fq(te). One checks that G ∼= μe  〈π〉, where π = πFq , the Frobenius automorphism ﬁx-
ing Fq .
Denote by Qˆ e the G-module V newe ∩MW(Ed,Fqr (t)) ⊗ Q . Let Qe denote the sub-G module of Qˆ e
spanned by eigenvectors of the action of a primitive eth root of unity on V newe whose eigenvalue is a
primitive eth root of unity. By applying the previous lemma to the curve Ee , we see that Qe has di-
mension at least φ(e) as a Q vector space because there is an obvious inclusion from MW(Ee,Fqr (t))
to MW(Ed,Fqr (t)).
It follows from known facts about representations of cyclic extensions of abelian groups that as
a representation of G , Qe is a sum of representations induced from μd to G . For details, see [8],
Section 3. Further, it is easy to check that the restriction of each such induced representation to 〈π〉
is isomorphic to a power of the regular representation of 〈π〉. Thus, we see that the dimension of the
subspace of Qe that is ﬁxed by π is
dim(Qe)
r , and this completes the proof. 
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